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Abstract 

We extend the concept of implementability of semigroups of evolution operators associated with dynamical 
systems to quantum case. We show that such an extension can be properly formulated in terms of Jordan 
morphisms and isometrics on non-commutative LP spaces. We focus our attention on a non-commutative 
analog of the Banach-Lamperti theorem. 



1 Introduction 

Operator theory and the associated theory of semigroups proved to be one of the most 
successful methods elaborated for the study of dynamical systems. The idea of using 
operator theory is due to Koopman who replaced the time evolution St of single points 



from a phase space by the time evolution of the corresponding Koopman operators 
Vt defined as 



Koopman [1] introduced these operators in 1931 in order to study the ergodic 
properties of dynamical systems using the powerful tools of operator theory. This ap- 
proach has been extensively used thereafter in statistical mechanics and ergodic theory. 
The objects under consideration are Koopman operators regarded as operators on L p 
spaces, 1 < p < oo, and their adjoints called Frobenius-Perron operators. Frobenius- 
Perron operators describe, in particular, the evolution of probability densities defined 
on the phase space Q. 

The application of operator theory to dynamical systems simplifies the study of 
their ergodic properties such as ergodicity, mixing and exactness, as well as Kol- 
mogorov systems, which is the basis of the modern theory of chaos [2, 3]. Particularly 
important is the spectral analysis of evolution operators that enables to extract impor- 
tant information about their dynamical properties such as for example, the rate of the 
convergence to equilibrium. Recent results obtained by the Brussels group (see [4] and 
the references therein) show that for unstable dynamical systems there exist spectral 
decompositions of the evolution operators in terms of resonances and resonance states, 
which appear as eigenvalues and eigenprojections of the evolution operators. Another 
powerful method for the study of unstable dynamical systems is based on the concept 
of a time operator [5, 6], which is defined as a selfadjoint operator T associated with 
the evolution semigroup V t through the commutation relation 



The dynamical systems that admit time operators are highly unstable like Kolmogorov 
or exact systems. Nevertheless, the knowledge of the eigenvectors of T amounts to a 
probabilistic solution of the prediction problem for the dynamical system described by 
the semigroup {V t }. 

The time operator method serves to elucidate the problem of irreversibility in sta- 
tistical physics which is related to the understanding of the relation between reversible 
dynamical laws and the observed entropy increasing evolutions. Misra, Prigogine and 
Courbage [7] showed that the unitary evolution U t of a Kolmogorov system can be in- 
tertwined with a Markov semigroup W t , t > 0, through a non- unitary transformation 



V t f(u) = f{S t u) 



f e L 2 (Q), ueQ. 



TV t = V t T + tV t . 



A: 



W t A = AU t 



t ■> 



f > 0. 



(1) 
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The intertwining transformation A in the Misra-Prigogine-Courbage approach is a 
non- increasing function of the time operator. 

The evolution operators that arise from point transformations of a phase space are 
often modified, like in the Misra-Prigogine-Courbage theory of irreversibility, leading 
to new evolution semigroups that need not to be related with the underlying point 
dynamics. The natural question is: Are such operators associated with other point 
transformations? In other words, we ask if, for example, modifications made on the 
level of evolution operators correspond to some modifications on the level of trajectories 
in the phase space. In a more general setting, we ask which linear operators on LP 
spaces are implementable by point transformations? A related question is: Which time 
evolutions of states of physical systems that are described in terms of a semigroup {W t } 
of maps on an L p -space can be induced by Hamiltonian flows? There are some partial 
answers to the above questions that will be presented below. 

In quantum mechanics we can also distinguish two levels of evolution of states and 
observables that can be expressed in terms of evolution operators and semigroups. 
Thus similar questions, as in the classical case, concerning implementability can be 
raised. The quantum case is however more complex both technically and conceptually. 
The evolution operators act on non-commutative LP spaces that have much more com- 
plex structure and require sophisticated tools from operator algebras theory. Secondly 
the very basic concept of implementability requires clarification. 

In this article we formulate the implementability in quantum case and prove analogs 
of some classical results. The paper is organized as follows. In Section 2 we give an 
overview of the results on implementability in classical case. Section 3 contains an 
introduction to non- commutative L p spaces and quantum dynamics. The formulation 
of quantum implementability and our main results are in Section 4. 

2 Classical case 

Let (Q, E, fx) be a measure space with a finite measure fx. A one parameter evolution 
semigroup {S t } of measurable transformations of the space Q defines a dynamical 
system. The variable t signifies time and is continuous for flows and discrete for 
cascades. For reversible systems {S t } is a group of automorphisms of fi. The space f2 
equipped with a measure structure is called the phase space and measure fx represents 
in the case fx(Q) = 1 an equilibrium distribution. 
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The phase functions / evolve according to the Koopman operators 

V t f{uj) = f{S t uj) , coeQ. (2) 

The Koopman operators are isometries on the Banach space LP = L P (Q, E, fi), p > 1, 
of p-integrable functions provided that {St} are measure preserving transformations. 
If St are automorphisms the Koopman operators restricted to the Hilbert space L 2 are 
unitary. 

Consider the case of discrete time t = 1,2,... when the evolution semigroup {V*} 
is determined by a single transformation S 

V n = V n and Vf(u) = f(Suj). 

The relation of the point dynamics with the Koopman operators is clarified by 
asking the question: What types of isometries on LP spaces are implementable by 
point transformations? For LP spaces with p ^ 2, all isometries induce underlying point 
transformations. Such theorems on the implementability of isometries on L p spaces, 
p 7^ 2, are known as Banach-Lamperti theorems [8, 9]. The converse to Koopman's 
lemma in the case p — 2, which holds under the additional assumption that the 
isometry on L 2 is positivity preserving, can be found in [10]. The result is that an 
isometry V is implementable by a necessarily measure preserving transformation S 

Vf(u) = f(Su) , oo en. 

The just quoted results on the relations between the point dynamics and Koop- 
man's maps on L p -spaces gain additional interest if we realize that //-structures can 
be used in the analysis of a very large class of dynamical systems. To describe briefly 
how L p -techniques may be used for such analysis let us assume that the state space 
f2 is a compact metric space and E is the cr-algebra of Borel sets. Let us consider a 
(homogeneous) Markov process on f2. Then, the Kopmman's-like construction leads 
to the well defined semigroup W t on the set L°°(f2) of all bounded measurable func- 
tions on f2. Let us restrict ourselves to Markov-Feller processes, i.e. such processes 
that W t : C(Q) — > C(Q), where C(Q) denotes the set of all continuous complex- 
valued functions on f2. The role of the set C(Q) for the quantization procedure will 
be explained in the next section. Then, one can show that any Markov-Feller process 
induces a positivity preserving semigroup on C(Q) and, conversely, with each such a 
semigroup is associated a Markov- Feller process. Moreover, such semigroups on C(f2) 
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can be extended to a semigroup of contractions on L P (Q, p), where p > 1 and a mea- 
sure p is time invariant (here, p is called a time invariant measure if piWtf) = p(f), 
/ G C(f2)). We recall that Markov- Feller processes constitute an important tool in 
the description of real systems of interacting particles (see [11])- Consequently, we can 
study stochastic processes in real physical models in terms of semigroups on L p -spaces. 
The important point to note here is that such an approach yields the possibility of 
studying, in an effective way, various ergodic properties of the considered processes, 
e.g. the question of convergence to equilibrium, question of spectral gaps, hypercon- 
tractivity (i.e., a set of ideas in field theory, important for determination of the best 
constants in classical inequalities and bounds on semigroup kernels, cf. [12]), and fi- 
nally to utilize various types of inequalities (e.g. log Sobolev and Nash inequalities, 
see [13] as well as [12] and references therein). 

Before addressing the question of implementability of Misra-Prigogine-Courbage 
semigroups introduced in the previous section let us first recall some basic facts. Con- 
sider an abstract dynamical flow given by the quadruple (ft, E, p, {S t }) , where {S t } 
is a group of one-to-one p invariant transformations of Q and either t G Z or t G R. 
The invariance of the measure p implies that the transformations Ut 

U t p(u)= p(S- t uj), peL 2 

are unitary operators on L 2 . Generally, Ut is an isometry on the space L p , 1 < p < oo. 
Let us point out the following, very important properties of U t as operators on L 1 : 

(a) U t p > if p > 0, 

(b) In Utpdp = J n pdp , for p > 0, 

(c) U t l = 1. 

An abstract operator W on L 1 which satisfies conditions (a)-(c) is called doubly 
stochastic operator. 

The Misra-Prigogine-Courbage theory of irreversibility [7] (see [14] for its gener- 
alized version) proposes to relate the group {U t }, considered on the space L 1 , to the 
irreversible semigroup W t , t > 0, through a nonunitary, doubly stochastic operator A: 

W t A = AU t , t>0, 

The operators W t , which also form a doubly stochastic semigroup on L 1 , should tend 
strongly to the equilibrium state, as t — > oo, on some subset of admissible densities. 
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A dynamical system for which such a construction is possible is called intrinsically 
random and the conversion of the reversible group {Ut} into the irreversible semigroup 
{W t } through a nonunitary transformation A is called a change of representation. 

So far all known constructions of the operator A have been done for dynamical 
systems which are K-flows. Let us recall that a dynamical system is a K-flow if there 
exists a sub-c-algebra S of £ such that for E t = <St(£o) we have 

(i) S s C S t , for s < t 

(ii) a(U teR S t ) = S 

(hi) n tG R,E t = S_oo - the trivial cr-algebra, i.e. the algebra of sets of measure or 1 

where cr(U te R,£ t ) stands for cr-algebra generated by E t , t G R. The main idea of 
the construction of A is the following. With any K-flow we can associate a family 
of conditional expectations {E t } with respect to the cr-algebras (projectors if 

we confine ourselves to the Hilbert space L 2 ). These projectors determine the time 
operator T: 

/+oo 
tdE t . (3) 
-OO 

Then A is defined, up to constants, as a function of the operator T: 

A = f(T) + , (4) 

where E_ OQ is the expectation (projection on constants). The function / is assumed 
to be positive, non increasing, /(— oo) = 1, /(+oo) = and such that Inf is concave 
on R. 

The Markov operators W t are of the form 



w >=\L~wk dE ' +E -) u <- (5) 

It should be clear that each operator U t is the Frobenius-Perron operator associated 
with S t and thus it is the adjoint of the corresponding Koopman operator. The opera- 
tors W t preserve the property of double stochasticity characteristic to Frobenius-Perron 
operators. Therefore the question is: are W t Frobenius-Perron operators associated 
with some measure preserving transformations S t or, equivalently, is the adjoint W t * 
the Koopman operator 

W7/M = f(s t co) . 

As we have shown in Ref. [15] the answer to this question is in general negative. Only 
the choice of A as a coarse graining projection gives implementability [16]. 
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3 Quantum case - non-commutative L p -spaces 



Passing to quantum theory it is convenient to rewrite the previously described scheme 
in terms of quantum "phase" space. The underlying philosophy is based on the gen- 
eral observation that various categories of spaces, in particular the classical phase 
space fl, can be completely described by the (commutative) algebras of functions on 
them (the phase space f2 by the algebra of continuous functions C(Q)). The idea of 
(algebraic) quantization then is that the corresponding non-commutative algebra (C*- 
algebra .4.) may be viewed as an algebra of functions on a virtual "non-commutative 
space" ("quantum phase space" in our case). Such approach has proven to be very 
powerful in contemporary mathematics: for instance the analysis of the algebra of 
all continuous functions on a topological group led to the notion of quantum group. 
Moreover, this approach is a starting point for studying "geometrical properties" of 
non-commutative algebras (cf. [17, 18]). 

Within that scheme, we are able to discuss the relation between point dynamics 
and Koopman's operators for the Quantum Mechanics setting. Namely, according to 
the above strategy point dynamics may be viewed as a one parameter family of maps S t 
on a C*-algebra A. Clearly, in this way we also include general quantum Markov- Feller 
dynamics into the considered framework for quantizing dynamical systems. Further, 
the Koopman's maps V t will be defined on non-commutative LP {A) spaces which are 
quantum analogues of classical L p (f2, £,//) spaces. The relationship between S t and 
V t expresses the implementability of Liouville evolution for quantum systems. 

To implement the just given programme we start with the algebraic reformulation 
of the theory of quantum dynamical systems. To this end we note that observables in 
quantum mechanics are described by self adjoint operators on some Hilbert space 7i and 
physical states by positive tracial operators on 7i. In the mathematical formalism it is 
more convenient to consider a von Neumann algebra M. as the algebra of observables 
and its dual M* as the algebra of states. Thus, in the algebraic reformulation of the 
classical dynamical system (Q, E, {S t }) we consider the commutative VF*-algebra 
A = L°°(Q, E, ji). Then, the semigroup of Koopman operators will be replaced by the 
semigroup of homomorphisms of A which are given by the formula 

[a t (a)}(f)(io) = a(S t uj)f(uj), 

for each function a E A C £>(L 2 ) (i.e. a is treated as a bounded operator on L 2 ) and 

feL\ 
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Turning to the quantum case, let us consider as a non-commutative analog of a 
probability space (Q, £, /x) the triple (B(T-C),7i, g) where 7i is a separable Hilbert space, 
B(Tl) is the set of all linear bounded operators on 7i and g is a density matrix. Let us 
assume that g is an invertible operator, which implies that u(-) = Tr{g-} is a faithful 
state on B(7i). In physical terms, g can represent, for example, a Gibbs state at a 
temperature (3. Suppose that the dynamics of the system is given in the Heisenberg 
picture, i.e. the time evolution of the system is given by a one-parameter family of 
maps at : B{7i) — > B{7i). More precisely, the equivalence of the Schroedinger and 
Heisenberg picture for reversible dynamics says, [19], that the dynamics of observables 
can be given by a one parameter group a t of Jordan automorphisms (that is linear, 
♦-preserving, one-to-one and onto maps defined on a C*-algebra C such that a t (A 2 ) = 
a t (Af for AeC). 

Treating (B(T-C),7i, g, at) as a quantum analogue of a classical quadruple (Q, S, /i, St) 
we will introduce basic examples of quantum L p -spaces as follows. Observe first that 
the set of all Hilbert-Schmidt operators Fh-s-, on the space 7i, has a Hilbert space 
structure with the inner product given by 

(a, b) = Tr{a*b} , a,b e Fh-s ■ 

Therefore Th-s can be considered as the quantum L 2 -space associated with "the 
quantum uniform measure": 

wb(.) = Tr{l-} . (6) 

Analogously, the set of all tracial operators (density matrices) Tt can be regarded as 
the quantum L^space associated with the measure (6). The corresponding norms for 
these spaces are: 

||.|| p = (Tr|.n*, p=l,2. 

Let us generalize the idea of quantum V spaces to an arbitrary "quantum measure" 
lu(-) = Tr{g-} on B(H). Let us fixA o >0 and put 

A e ee g^A g^ , 

where p — 1,2. Observe that 

A g < \\A \\gp 

and 

TrA^TrA^A^ < | \A \ \Tr{A^ g^ A^} < \\A \\ p Tr g < oo . 
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The notation was chosen in such a way that it is easy to generalize the result to other 
p's. Let us note that for an arbitrary operator A G B(H) 

A = + = A h + %K = At-A h + %Al - %A- , 

where A^, A^.A^, A~ are positive operators. Therefore 

(Tr\g^Ag^\ p )p < (Tr\g^A£g^ \ p )p + (Tr\g^A^g^ \ p )p 

+(Tr\g^A+g^\ p )p + (Tr\g^ A' g^\ p )p 
< oo , 

which implies that we can relate to each A E B(H) a trace class operator: 

13(H) 3 A^ \g^Ag^\ p G T T , (7) 

for p G {1,2}, and for any fixed (arbitrary) density matrix g. Consequently, it is easy 
to see that 

\\A\\ P = {Tr\g^Ag^\ p )-v (8) 

is a well defined norm on 13(H). The Banach space defined as the completion of 13(H) 
in the norm (8) will be denoted as L p (B(H),u). As expected, the L 2 (B(H),u) is a 
Hilbert space with the scalar product 

< A,B >= Tr(g^A*g^B) (9) 

The above result saying that (8) is a well defined norm on B(H) can be easily 
extended to an arbitrary]? > 1 (see [20, 21], and [22] for details). Moreover, it can be 
shown that the spaces L p (B(H),uo) and L q (B(H),uj), with p, q G (l,oo), ^ + ^ = 1, 
are duals of each other. One can also introduce the space L°°(B(H),uj) as the dual to 
L 1 (i3(7i), uj). Such a construction ensures that we have 

L p (B(H),cu) C L q (B(H),u) (10) 

for 1 < p < q < oo. Finally, note that the one parameter family of Banach 
spaces {L p (B(H),uj)} p >i forms a so-called interpolating scale, i.e. the Banach spaces 
L p (B(H),uj) with 1 < p < oo are interpolating spaces between L 1 (i3(7Y),w) and 
L°°(B(H), uj). In particular, interpolation theory (like in the classical case) is also 
available in this case. Therefore, a large number of "classical" L p -estimates is also 
available for quantum dynamical systems (cf. [23]). 
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As an example, let us reconsider a very special case in the above construction. 
Namely, instead of the state u let us take ujq = Tr{l-}. In mathematical terms we 
replace state by the weight Tr(-). Then, the repetition of the above argument leads 
to 

L?(B{H),Tr) = {Ae B(H); \\A\\ P = (Tr\A\ p )p < oo}. (11) 

It is easy to recognize that we get all p-Schatten classes. In other words, the trace 
class operators as well as the Hilbert-Schmidt operators, mentioned at the beginning 
of this section, constitute special cases of quantum Z7-spaces. We recall that these 
spaces have been used for the study of various problems of quantum statistical physics 
and that such an approach is called the quantum Liouville space technique (see [24]). 
For a slightly different definition of L 2 -spaces associated with a quantum state and 
their applications to "probabilistic" descriptions of quantum systems see Chapter II 
in [25]. 

Before proceeding with the construction of non-commutative Koopman's operators 
let us summarize here various general L p -spaces that we will need in the next section. 
We start with the observation that a general formulation of a quantum schema deals 
with a general W* (or even C*) algebra A describing individual properties of a fixed 
physical system (see [26, 27, 28]). In particular, the basic procedure of statistical 
mechanics, the thermodynamic limit, leads to a C*-algebra A which can be very 
different from that of B(H). Consequently, general quantum LP spaces corresponding 
to a quantum system should be based on a general C*-algebra. However, such a 
general construction of non-commutative L p -spaces is rather involved (see [22, 23, 27, 
29, 30, 31]). Nevertheless, such a general scheme has proved to be very useful for the 
description of concrete models with quantum Markov dynamics (see [22, 30, 31, 32, 
33, 34]). 

As it is not our purpose to study here the mathematical questions related to a 
construction of general L p -spaces we shall restrict ourselves to the case of a von Neu- 
mann algebra M with a faithful semifinite normal (fsn) trace ip. Clearly, B(H) has this 
property, i.e the case of Dirac's quantum mechanics will be included. Therefore, we 
can consider the pair {M, tp} consisting of a von Neumann algebra and fsn trace. Let 
w be a normal linear functional on M. Then (see [35]) uo is of the form uj(a) = (f(Ra), 
a G M, where R is an LMntegrable (so y?(|-R|) < oo) uniquely determined non-singular 
positive operator. Define 

\\A\\ p = ((p\R^AR^\ p )p (12) 



10 



It can be proved that 1 1 • | \ p , p > 1, is a norm on M (see [20, 21]). The completion of M 
with respect to this norm again leads to the non- commutative L P (M, a;) Banach space 
(see [20, 21, 35, 36]) with all the listed properties of L p (B(7i), a;)-spaces. Consequently, 
we got non-commutative L p -spaces which can be associated with a large family of 
quantum dynamical systems. 

4 The converse of Quantum Banach- Lamp erti the- 
orem 

We have seen that the Koopman's construction (2) gives a well defined bounded map 
V t on L p -spaces, so V t can be considered as an "integrable" map. Our first observation 
is that we have analogous situation in the non-commutative framework. Namely, let 
us assume that T : M — > M is a linear bounded map. Here and subsequently, (M,a>) 
denotes a semifinite von Neumann algebra and a state on it respectively. Denote by 
L p the imbedding of M into L p (WL,uj) and define operator : L p — > L p by formula: 

T ip \i p (a)) = L p (Ta) a G M (13) 

We say that T is p-integrable (with respect to uj) if the induced operator is 
Z/P-bounded, in which case we denote its unique extension to L p (M,uj) by the same 
letter. We have the following useful, and in fact very general, criterion for quantum 
integrability (see [37]). Let T : M — > M be a normal, positivity preserving linear 
map. Then T is integrable with respect to u if and only if T*lu < Const o cu where T* 
denotes the predual map. We want to add that we dropped here the "pth" in the word 
integrability as one can show that p-integrability implies r-integrability for r > p (see 
[37]). In particular, if J : M — > M is a Jordan automorphism satisfying u o J e u 
then is an integrable map. One can even show that is an isometry. 

Having clarified this point let us turn to a quantum analogue of Banach-Lamperti 
result (another approach to that question was recently given in Ref. [38]). Let {M, ip} 
be a von Neumann algebra with fsn trace and let L P (M, tp), p> 1, be the corresponding 
quantum L p -space. Assume that T, T : L P (M, ip) — > L P (M, <p) is a linear map. Then, 
(see [39], and [40] for the most general case), T is L p -isometry of L p (M,p) onto itself 
if and only if 

T(x) = WBJ(x), x e L p (M,ip) DM (14) 
where W G M is unitary, B a selfadjoint operator affiliated with the center of M and 
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J a normal Jordan isomorphism mapping M onto itself, such that 

<p(X) = <p(B p J(X)), for all X e M, X > 0. (15) 

Formula (14) is nothing but the statement that any L p -isometry T of L P (M, <p) onto 
itself is implemented by a Jordan morphism J which is multiplied by operators W and 
B. 

In physics, especially in statistical physics, we are usually interested in L p -spaces 
associated with a finite measure. In other words we want to associate the L p -space 
with the pair (M.,u) where u is a state on M. To this end let us define the following 
map 

MbIh R^XR^ (16) 

where R is the operator determined by the equality w(X) = (p(RX) (see also the 
argument leading to formula (12). One can show (cf [20]) that (16) can be extended to 
an isometric isomorphism r v between L p (M,u;) and L P (M, <p). Moreover, let V be an 
isometry from L P (M, uS) onto L P (M, to). Then, there exists an isometry T on L P (M, ip) 
such that the following diagram is commutative 

L p (M, ip) L p (M, ip) 

T T p \r p 

Lp(M,u) LP(M,u) 
Consequently, any isometry from L p (WI,uj) onto L p (M,c<j) has the following form: 

V(X) = R~^T(R^XR^)R~^ (17) 

Now, let us restrict ourselves to the setting of Dirac's Quantum Mechanics. So, 
we put M = 13(H) and consider a linear map V : L p (B(H),u) — > L p (B(H),cu) where 
u(-) = Tr{g-}. We assume that V is an isometry of L p (B(H),uj) onto itself such that 
V(l) = 1 and V(X) > 0, for X > 0. Then 

V(X) = g~^WBJ(g^Xg^)g~^ = g~^ J(g^ X g^)g~~k = J(X) , (18) 

for X G 13(H) fl L p (B(H),uj), where the second equality follows from the positivity 
and identity preserving assumption as well as from the irreducibility of B(H) while 
the third equality follows from the fact that each Jordan isomorphism can be split into 
the sum of *-isomorphism and *-anti-isomorphism. 
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Having such a version of the converse of quantum Banach-Lamperti theorem we 
are in a position to discuss the questions related to a change of representation (cf. 
Section 2) but, now, in a quantum mechanical setting. Let the dynamical map V t : 
L 2 (B(7i),uj) — > L 2 (B(7i),uj) be induced by a hamiltonian flow. Can we change the 
representation, that is to find a map A : L 2 (B(7i),uj) — > L 2 (B(7i), uS) such that there 
is no information lost in the sense that A ( so also A -1 ) is affine isomorphism of the 
set of states S onto itself and with the property that the composition : Aoy ( o A -1 
no longer induced by a point dynamics? To answer this question let us note that the 
predual space A* is isometric to L 1 (B(H) ,uj) (so we can identify them), L 1 (B(H), u>) C 
L 2 (B(H),u>), S <^-> L 1 (B(H),u>), and S is not subset of any hyperplane of L l (B(H), u>). 
Then using Kadison's result (see [19]) one can see firstly that the affine isomorphism 
Ao can be extended to a linear map A on L 1 (B(7i),uj). Secondly A as a map of B(7i) Jf 
onto itself is induced by a Jordan automorphism a : B(7i) — > B(7i). Finally using the 
quantum converse to Koopman's theorem we infer that the composition Ao V t o A -1 
is induced by the uniquely determined Jordan automorphism. In other words, we 
obtained the negative answer to the above posed question. 

The important point to note here is that we assumed A to be an affine isomorphism 
while V t to be an isometry onto. To get the implementability of A o V t o A -1 by 
a uniquely determined Jordan morphism a : B(7i) — > 13(H) these conditions can 
not be weaken. In other words, relaxing the conditions "isomorphism" and "onto" the 
implementability will be lost and again, we have analogous situation to that in classical 
case. The question of the change of representation through a non-isomorphic operator 
A and the related question of implementability will be discussed in a forthcoming 
publication. 

Acknowledgment 

We thank L.E Labuschagne for helpful comments. This work enjoyed the financial 
support of the Belgian Government through the Interuniversity Attraction Poles. This 
work has also been supported by KBN grant PB/0273/PO3/99/16. 



13 



References 

[1] B. Koopman, Hamiltonian systems and transformations in Hilbert spaces, Proc. 
Nat. Acad. Sci. USA 17 315-318 (1931). 

[2] I. Cornfeld, S. Fomin and Ya. Sinai Ergodic Theory, Springer- Verlag, Berlin 1982. 

[3] A. Lasota and M. Mackey Chaos, Fractals, and Noise, Springer- Verlag New York 
1994. 

[4] I. Antoniou and Z. Suchanecki, Extension of the dynamics of unstable systems, 
Infinite Dimensional Analysis, Quantum Probability and Rel. Topics 1 127-165 
(1998) 

[5] B. Misra, Nonequilibrium entropy, Lyapunov variables, and ergodic properties of 
classical systems, Proc. Natl. Acad. USA 75 1627-1631 (1978). 

[6] I. Prigogine From Being to Becoming, Freeman, New York 1980. 

[7] B. Misra, I. Prigogine and M. Courbage, From deterministic dynamics to proba- 
bilistic descriptions, Physica 98 A 1-26 (1979). 

[8] S. Banach Theorie des Operations Lineaires, Monografje Matematyczne, Warsza- 
wa 1932. 

[9] J. Lamperti, On the isometries of certain function spaces, Pacific J. Math. 8 
459-466 (1958). 

[10] K. Goodrich, K. Gustafson and B. Misra, On converse to Koopman's Lemma 
Physica 102A, 379-388 (1980). 

[11] T.M. Liggett Interacting particle systems, Springer Verlag, 1985. 

[12] E. B.Davies, L. Gross and B. Simon, Hypercontractivity: A bibliographic review, 
in Ideas and Methods in Quantum and Statistical Physics. In Memory of Raphael 
Hoegh-Krohn (1938-1988), Volume 2, eds.: S. Albeverio, H. Holden, J.F. Fenstad, 
H. Holden and T. Lindstrom, pp. 370-389, Cambridge University Press 1992. 

[13] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 1061-1083 (1975). 



14 



[14] Z. Suchanecki, On lambda and internal time operators, Physica A 187 249-266 
(1992). 

[15] Z. Suchanecki, I. Antoniou and S. Tasaki, Nonlocality of the Misra-Prigogine- 
Courbage Semigroup, J. Stat. Physics 75 919-928 (1994). 

[16] I. Antoniou and K. Gustafson, From probabilistic description to deterministic 
dynamics, Physica A 197 153-166 (1993). 

[17] J. Kustermans, S. Vaes, The operator algebra approach to quantum groups, Proc. 
Natl. Acad. Sci. USA 97 547-552 (2000). 

[18] J. Cuntz, Quantum spaces and their non-commutative topology, Notices of the 
AMS 48 793-799 (2001). 

[19] R. V. Kadison, Transformations of states in operator theory and dynamics, Topol- 
ogy 3 177-198 (1965). 

[20] N.V. Trunov, On a non-commutative analogue of the space L p , Izvestiya VUZ. 
Matematika. 23 69-77 (1979) (Soviet Mathematics Translation). 

[21] A A. Zolotarev, On interpolation Theory of LP spaces with respect to a state 
on a von Neumann algebra, Izvestiya VUZ. Matematika. 29 59-61 (1985) (Soviet 
Mathematics Translation). 

LP spaces with respect to states on a von Neumann algebra and interpolation, 
Izvestiya VUZ. Matematika. 26 36-43 (1982) (Soviet Mathematics Translation). 

[22] A.W. Majewski and B. Zegarlinski, Quantum Stochastic Dynamics I: Spin Sys- 
tems on a Lattice, Math. Phys. Electr. Jour. 1 Paper 2 (1995). 

[23] M. Terp, LP -spaces associated with von Neumann algebras, K0benhavns Univer- 
sitet, Mathematisk Institut, Rapport No. 3, 1981. 

[24] G. Emch, Coarse-graining in Liouville Space and Master Equation, Helv. Phys. 
Acta 37 532 (1964). 

[25] A.S. Holevo Probabilistic and Statistical Aspects of Quantum Theory, North- 
Holland, Amsterdam-New York-Oxford, 1982. 



15 



[26] O. Bratteli and D.W. Robinson Operator Algebras and Quantum Statistical Me- 
chanics, Springer Verlag, New York-Heidelberg-Berlin, vol. I 1979, vol. II 1981. 

[27] U. Haagerup, L p -spaces associated with an arbitrary von Neumann algebra in 
Algebres d'operateurs et leurs applications en physique mathematique, Colloques 
internationaux du CNRS, No. 274, Marseille 20-24 juin 1977, 175-184. Editions 
du CNRS, Paris 1979. 

[28] D. Ruelle Statistical Mechanics, Benjamin 1969. 

[29] H. Kosaki, Application of the complex interpolation method to a von Neumann 
algebra (Non-commutative L p -spaces), J. Func. Anal. 56 29-78 (1984). 

[30] A.W. Majewski and B. Zegarlinski, On Quantum Stochastic Dynamics and Non- 
commutative U> Spaces, Lett. Math. Phys. 36 337-349 (1995). 

[31] A.W. Majewski and B. Zegarlinski, Quantum Stochastic Dynamics II, Rev. Math. 
Phys. 8 689-713 (1996). 

[32] S. Albeverio and R. Hoegh-Krohn, Dirichlet Forms and Markovian semigroups on 
C*-algebras, Commun. Math. Phys. 56 173-187 (1977). 

[33] F. Cipriani Dirichlet Forms and Markovian Semigroups on Standard Forms of 
von Neumann Algebras, Thesis Trieste 1992. 

[34] E.B. Davies and M. Lindsay, Non commutative symmetric Markov semigroups, 
Math. Zeit. 210 379-411 (1992). 

[35] I.E. Segal, A non-commutative extension of abstract integration, Ann. of Math. 
57 401-457 (1953). 

[36] J. Dixmier, Formes lineaires sur un anneau d'operateurs, Bull. Soc. Math. France. 
81 9-39 (1953). 

[37] S. Goldstein and J.M. Lindsay, KMS-symmetric Markov semigroup, Math. Zeit. 
219 591-608 (1995). 

[38] L. E. Labuschagne, Bijections on pure state spaces and flows on non-commutative 
Lp-spaces, University of South Africa, Department of Mathematics, Applied 
Mathematics and Astronomy, Research Report 320/01 (4) 2001. 



16 



F.J. Yeadon, Isometries of non-commutative L p -spaces, Math. Proc. Camb. Phil. 
Soc. 90 41-50 (1981). 

K. Watanabe, On isometries between non-commutative L p -spaces associated with 
arbitrary von Neumann algebras, J. Operator Theory 28 267-279 (1992). 



17 



